Abstract-This paper deals with the finite element approximation of Hamilton-Jacobi-Bellman equations. We establish a convergence and a quasi-optimal Lm -error estimate, involving a weakly coupled system of quasi-variational inequalities for the solution of which an iterative scheme of monotone kind is introduced and analyzed. 0
INTRODUCTION
This paper is concerned with the finite element approximation 
M.BOULBRACHENE AND M.HAIOUR
(cf. [6, 7] ). A finite element analysis has also been studied in [8] , where a convergence result was proved but no error estimate was given.
Concerning the numerical solution arising from the finite difference approximation, several iterative methods of both sequential and parallel types have been introduced and analyzed (cf. [6,9_ 111) . See also (121 for round-off errors behavior related to the computation of such a solution.
In this paper, our goal is to show that problem (1.1) can be properly approximated by a finite element method which turns out to be quasi-optimally accurate in La.
The approximation is carried out by first approximating the HJB equation by a weakly coupled system of quasivariational inequalities for the solution of which a monotone iterative scheme of Bensoussan-Lions type [l] is developed and its geometric convergence is proved. Similarly, using the standard finite element method and a discrete maximum principle, the resulting discrete scheme is studied and shown to be monotone and geometrically convergent. An LOO-error estimate is then established combining the geometric convergence of both the continuous and discrete iterative schemes with known uniform error estimates for elliptic variational inequalities.
It should be mentioned that the purpose of the monotone iterations analyzed in this paper is to present a basic computational scheme rather than present the best rate of convergence of the iterations. A future paper will be devoted to the computation of the finite element solution of the HJB-equation (l.l), where efficient numerical monotone algorithms will be treated.
The paper is organized as follows. In Section 2, we appoximate the HJB equation by a weakly coupled system of quasi-variational inequalities, introduce a monotone iterative scheme, and prove its geometric convergence. In Section 3, we consider the discrete HJB equation, discretize the iterative scheme by the standard finite element method, and achieve a similar study to that of the continuous problem. In Section 4, we prove a fundamental lemma and give the main results. Finally, in Section 5, we make some comments on the approach and the results presented in this paper.
THE CONTINUOUS PROBLEM
In this section, we shall first recall some results related to elliptic variational inequalities that are necesseray in proving some useful qualitative properties.
We start by introducing some notations and assumptions.
Notations, Assumptions
We are given functions
We define the second-order, uniformly elliptic operators of the form and the bilinear forms associated with A": for u,v E H;(Q) (2.1)
We assume that ai(., .) are coercive on Hi, i.e., there exists 6 > 0 such that a%, ?J) 2 ~ll~ll~l~~~, vv E H;(n).
Let (2.6) (., .) be the scalar product in L2(St).
We are also given functions fi such that f%C2(St) and f">O, Vi = 1,2,...,M.
We shall also need the following norm:
where 11 .I/Q-=~~J denotes the classic Lw norm.
Elliptic Variational Inequalities
Let f be a function in Leo(Q) and $J an obstacle in W2*Oo(52) such that $ > 0 on BQ.
Let also A be an elliptic operator and a(., .) its associated coercive bilinear form of the same forms as those defined in (2.4) and (2.5), respectively. We consider the following elliptic variational inequality (VI): find C E Hi(Q) such that
Thanks to [13, 14] , the VI (2.11) has one and only one solution. Moreover, C E W2pP(s2), 1 5 p < oo and satisfies IlCllw~~qn) 5 Wlf llm + IIAtilld Then 1: -@ < l_cI -@ < 4. So, C -+ is a subsolution for the VI with obstacle 6. It follows that 4 -Cp < I, i.e., 5 < c -I-Cp. Now, interchanging the roles of $J and 4, we also get < < C + Cp. This completc?s the proof. 1 
where k is a strictly positive constant.
Naturally, the structure of problem (2.15) is analogous to that of the classical "obstacle problem" where the obstacle function is replaced by an implicit one, depending upon the solution.
The terminolo~ qu~i-v~iational inequality being chosen is a result of/this remark. The theorem to follow gives the uniform convergence of the solution of system (2.15) to the solution of the HJB equation (1.1). Next, we shall adapt an approach developed for the qu~i-variations equality of impulse control problems, to characterize the solution of system (2.15) as a fixed point of an increasing mapping (see [l] ). We shall also prove that such a fixed-point mapping generates monotone sequences which converge geometrically to the unique solution of this system. The fact that both of the solutions c" of (2.17) and 0"~~ of (2.20) belong to H;(0), we readily
Moreover, as (ci -dito)+ 2 0, it follows that c" _ (ci _ @)+ 5 <i 5 k + wi+lS Therefore, we can take v = c -(Ci -Q"l')+ as a trial function in (2.17). This gives 
.,a(k+ed+(i-e)d)) =(a(e(k+~2)+(l-e)(k+~2)),..~,~(e(k+wi) + (1 -e) (k + wi)) ). . .,a(e(k+v')+(l.-e)(k+w')).
Then using the concaveness of fl (see Proposition l), we get
which proves the concaveness of T. I 
and by (2.10)
where ( Finally, using Lemma 1 we get (2.31): I
Convergence of the Continuous Iterative Scheme
Making use of properties (2.21),(2.23) and Proposition 5, we have the following convergence result.
PROPOSITION 6. The sequences (on) and (@) afe well defined in K and converge, respectively, from above and below, to the unique ao~ution of system of QVIs (2.15).
PROOF. The proof will be carried out in four steps. The proof of estimation (2.39) is identical to that of estimation (2.38) and is omitted. I
THE DISCRETE PROBLEM
Let fl be decomposed into triangles and let 7h denote the set of all those elements; h > 0 is the mesh size. We assume that the family oh is regular and quasi-uniform. Let Vh denote the standard piecewise linear finite element, space,
Let Ai be the matrices with generic coefficients In the sequel of the paper, we shall make use of the discrete maximum assumption (d.m.p.). In other words, we shall assume that the matrices A', 1 5 i < M defined in (3.2) are M-matrices (see [15] ). Under the d.m.p., we shall achieve a similar study to that devoted to the continuous problem.
More precisely, we shall show that the qualitative properties and results stated in the previous section are conserved in the discrete case. Their respective proofs will be omitted as they are identical to their continuous analogous ones. As for the continuous problem, we begin by recalling some results related to discrete variational inequalities.
Let <h E Vh be the finite element approximation of < defined in (2.11):
Similarly to (2.13), denoting by & the set of discrete subsolutions, i.e., the set of zh E Vh such we have Proposition 8. 
(3.7)
The mapping Oh possesses analogous properties to those of the mapping o defined in (2.14) provided the d.m.p. is satisfied.
PROPOSITION 9. Oh is increasing, concave, and Lipschitz continuous with respect to $.
The Discrete Hamilton-Jacobi-Bellman Equation
The discrete Hamilton-Jacobi-Bellman equation consists of solving the following problem. AIso, by analogy with Propositions 3 and 4, we, respectively, have concavity and Lipschitz dependence properties for Th . For the solution of the discrete system of QVIs (3.9), we have the following iterative scheme. 
THE FINITE ELEMENT ERROR ANALYSIS
This section is devoted to demonstrating that the proposed method is quasi-optimally accurate in La(a) according to the approximation theory. To this end, we first recall some known Lm(52)-error estimates results, introduce an auxiliary problem, and prove a fundamental lemma. 
An Auxiliary Sequence of Variational Inequalities
We introduce a sequence which consists of finding l$ = (iik", . . . , iiF9") such that V n 2 1, ~2"
is the unique solution of the following VI:
.i (?p, w _ Q&n ) 2 (f,w -2'") ) VW E H;((R), 21 We notice that Vi = 1,2,. . . , M, 62" is the finite element approximation of Gi%n. Therefore, making use of Proposition 16 and Theorem 5, the following error estimate holds.
PROPOSITION 17.
110" -O;II, I Ch2( loghl? (4.5)
The following lemma will play a crucial role in proving the main result.
LEMMA 3.
PROOF. The proof will be carried out by induction. 
L"-Error
Estimate for the System of QVIs (2.15)
PROOF.
where we have made use of estimations (2.38), (3.26), (4.1), (4.6), and (4.5), respectively. Finally, taking p-= h2, we obtain the desired result. PROOF. Indeed, where we have used Theorem 6. Thus, by Theorems 2 and 3, we get the desired result. 1
CONCLUSION
o We have established a convergence order of the standard finite element method for the HJB equation (1.1). As far as we know, it is the first finite element error estimate obtained for this problem. However, it is worth noting that the approach developed in this paper relies on the coercivity of the variational forms ai(u, v). For general second-order elliptic operator, such a condition is satisfied if the constant ~0 in (2.3) is sufficiently large. This means that this approach is restricted to operators di with zero-order terms e&(z) strictly positive.
l The method relies also on the discrete maximum principle. This ~sumption imposes a restriction on the di~erenti~ operator as well as the triangulation. In Z-D, for example, angles of triangles must be acute (cf. [15] ).
l The error estimate obtained contains a logarithmic factor with an extra power of 1 log hi than expected. We think that this may be due to the followed approach.
